ZUSE
INSTITUTE
BERLIN

Extending the
Continuum of
Six-Colorings

DMD 2024 at Universidad de Alcala
K. Mundinger, S. Pokutta, C. Spiegel and M. Zimmer

5th of July 2024



Zusl
INS

13
TITUTE

J Results are joint work with...

Konrad Mundinger Sebastian Pokutta Max Zimmer
Zuse Institut Berlin Zuse Institut Berlin Zuse Institut Berlin
Techn. Universitédt Berlin Techn. Universitdt Berlin Techn. Universitdt Berlin


mailto:munbdinger@zib.de
mailto:pokutta@zib.de
mailto:zimmer@zib.de

Extending the Continuum of Six-Colorings

1 « The Chromatic Number of the Plane 4 slides



Zuse 1. The Chromatic Number of the Plane

The Hadwiger-Nelson problem

Problem (Nelson 1950, but also Hadwiger, Erdds, Gardner, Moser, Harary, Tutte, ...)

What is the smallest number of colors su [cieht for coloring the plane in such a way
that no two points of the same color are a unit distance apart?
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What is the smallest number of colors su [cieht for coloring the plane in such a way
that no two points of the same color are a unit distance apart?

Considering the infinite graph with vertex set E? and edges {x,y} for any x,y [EP
with XJ—y [ 1, we are studying the chromatic number of the plane X(E?).
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Problem (Nelson 1950, but also Hadwiger, Erdds, Gardner, Moser, Harary, Tutte, ...)

What is the smallest number of colors su [cieht for coloring the plane in such a way
that no two points of the same color are a unit distance apart?

Considering the infinite graph with vertex set E? and edges {x,y} for any x,y [EP
with XJ—y [ 1, we are studying the chromatic number of the plane X(E?).

Theorem (N.G. de Bruijn, P. Erdds 1951)
Assuming AoC any graph is k-colorable i Celery finite subgraph of it is k-colorable.
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The Hadwiger-Nelson problem

Problem (Nelson 1950, but also Hadwiger, Erdds, Gardner, Moser, Harary, Tutte, ...)

What is the smallest number of colors su [cieht for coloring the plane in such a way
that no two points of the same color are a unit distance apart?

Considering the infinite graph with vertex set E? and edges {x,y} for any x,y [EP
with XJ—y [ 1, we are studying the chromatic number of the plane X(E?).

Theorem (N.G. de Bruijn, P. Erdds 1951)
Assuming AoC any graph is k-colorable i Celery finite subgraph of it is k-colorable.

This problem has a long and complicated history which has been well documented by
Soifer over 14 pages in The New Mathematical Coloring Book (2024) ...
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The history of the problem

Table 3.1 Who created the chromatic number of the plane problem?

Publication | Year |Author(s) Problem creator(s) or source named
[Gar2] 1960 |Gardner “Leo Moser ...writes...”
[Had4] 1961 |Hadwiger Nelson
(after Klee)
[E61.22] 1961 | Erdés “I cannot trace the origin of this problem”
[Cro] 1967 | Croft “A long'®-standing open problem of Erdés”
[Wool] 1973 | Woodall Gardner
[Sim] 1976 |Simmons Erdds, Harary, and Tutte
[E80.38] 1980- |Erdés Hadwiger and Nelson
[E81.23] 1981
[E81.26]
[CFG] 1991 | Croft, Falconer, and | “Apparently due to E. Nelson”
Guy
[KW] 1991 |Klee and Wagon “Posed in 1960-61 by M. Gardner and
Hadwiger”

p. 24 of The New Mathematical Coloring Book by Alexander Soifer, 2024
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Hallard T. Croft Paul Erdés Hugo Hadwiger

Douglas R. Woodall

Diagram 3.1 Who created the chromatic number of the plane problem?

p. 24 of The New Mathematical Coloring Book by Alexander Soifer, 2024
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The results of my historical research are summarized in Diagram 3.2, where arrows show
passing of the problem from one mathematician to another. In the end, Paul Erdds shares the
problem with the world in numerous talks and articles.

November 1950 /—\
Edward Nelson John Isbell )
,/7\1_/ S

1957 — Sept 1958
1958
Leo Moser Paul Erdés ) Victor Klee

1958

( m Hugo Hadwiger
N~

Diagram 3.2 Passing the baton of the chromatic number of the plane problem

p. 32 of The New Mathematical Coloring Book by Alexander Soifer, 2024
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Lower bounds are given by finding unit distance graphs of large chromatic number.

Definition
A graph G = (V,E) is a unit distance graph if there exists an embedding f : V - E?2
of its vertices in the plane s.t. 0{u) —f(v)= 1 if and only {u,v} CEL




,l,f;y 1. The Chromatic Number of the Plane
Lower bounds through unit distance graphs

Lower bounds are given by finding unit distance graphs of large chromatic number.

Definition
A graph G = (V,E) is a unit distance graph if there exists an embedding f : V - E?2
of its vertices in the plane s.t. 0{u) —f(v)= 1 if and only {u,v} CEL

A triangle gives a lower bound of 3



IZ#SSTy 1. The Chromatic Number of the Plane
Lower bounds through unit distance graphs

Lower bounds are given by finding unit distance graphs of large chromatic number.

Definition
A graph G = (V,E) is a unit distance graph if there exists an embedding f : V - E?2
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A triangle gives a lower bound of 3 and the Moser spindle a lower bound of 4 (1961).
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Lower bounds are given by finding unit distance graphs of large chromatic number.

Definition
A graph G = (V,E) is a unit distance graph if there exists an embedding f : V - E?2
of its vertices in the plane s.t. 0{u) —f(v)= 1 if and only {u,v} CEL

A triangle gives a lower bound of 3 and the Moser spindle a lower bound of 4 (1961).

Theorem (Aubrey D.N.J. de Grey, 2018)
There is a unit distance graph on 20425 vertices with chromatic number 5.
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1. The Chromatic Number of the Plane
Lower bounds through unit distance graphs

Lower bounds are given by nding unit distance graphs of large chromatic number.

De nition
A graphG = (V;E) is a unit distance graphif there exists an embeddinfy: V ! E?
of its vertices in the plane s.tkf (u) f(v)k=1if and onlyfu;vg 2 E.

A triangle gives a lower bound of &nd the Moser spindle a lower bound of 4 (1961).

Theorem (Aubrey D.N.J. de Grey, 2018)
There is a unit distance graph oR0 425vertices with chromatic humbes.
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