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Zuse 1. Proof by Picture in Extremal Combinatorics

What do extremal combinatorialists care about?

BERLIN

Extremal Graph Theory, on the most general level, investigates the extremal (maximal or
minimal) value of various graph parameters over the family of graphs having a particular
property. It is a lively subject with a rich history, where numerous natural questions have
beautiful answers. It is a field very much driven by problems; many of the interesting
ones are still wide open and stimulate an abundance of research.

Each such problem has two sides: one is the construction of an extremal structure,
the other is the proof of its optimality. In this course we are putting extra emphasis on
explicit constructions of extremal graphs, which do not customarily feature in standard
treatments of the field. These constructions often require useful tools from algebra,
geometry, or discrete Fourier analysis; the other main objective of these notes is to
highlight them.

p.7 of LET’S BE EXPLICIT! lecture notes by Tibor Szabd, July 2024



f,}’sﬁy 1. Proof by Picture in Extremal Combinatorics
Example 1: Graphs and graph sequences

Question. How many edges can a graph G of order n with ®(G) <r have?

Theorem (Mantel, 1907; Turan, 1941; Erdds—Stone, 1946)

. 1]
At most 1—1/r +o0(1)

> » 1.6, as many as the Turan graph T (n,r).
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Question. How many edges can a graph G of order n with ®(G) <r have?

Theorem (Mantel, 1907; Turan, 1941; Erdds—Stone, 1946)

]
At most 1—1/r +0(1) 5 ,i.e., as many as the Turan graph T(n,r).

Question. How large can the order n a graph G with max(a(G), w(G)) <k be?

Theorem (Ramsey, 1930; many others)
We know that R(3) = 6, R(4) = 18, 43 < R(5) < 46, and 2/? _ R(k) . 3.78X.






.l,:’sﬁy 1. Proof by Picture in Extremal Combinatorics
Example 1: Graphs and graph sequences

Question. How many edges can a graph G of order n with ®(G) <r have?

Theorem (Mantel, 1907; Turan, 1941; Erdds—Stone, 1946)

] 1]
At most 1—1/r +0(1) 5 ,i.e., as many as the Turan graph T(n,r).

Question. How large can the order n a graph G with max(a(G), w(G)) <k be?

Theorem (Ramsey, 1930; many others)
We know that R(3) = 6, R(4) = 18, 43 < R(5) < 46, and 2/? _ R(k) . 3.78X.

A variant. How few cliques and independent sets of size r can a graph contain?

Theorem (Goodman, 1959)
Asymptotically at least 25% of all triangles need to be cliques or independent sets.



.ZN“;i,wj 1. Proof by Picture in Extremal Combinatorics
Example 2: Coloring the plane

Question. What is the smallest number of colors sufficient for coloring the plane in
such a way that no two points of the same color are a unit distance apart?

Remark. Considering the infinite graph with vertex set E2 and edges {x,y} for any
[X}—y [ 1, we are studying the chromatic number of the plane x(E?).

Theorem (Aubrey D.N.J. de Grey, 2018)
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Question. What is the smallest number of colors sufficient for coloring the plane in
such a way that no two points of the same color are a unit distance apart?

Remark. Considering the infinite graph with vertex set E2 and edges {x,y} for any
[X}—y [ 1, we are studying the chromatic number of the plane x(E?).

Theorem (Aubrey D.N.J. de Grey, 2018)

There is a unit distance graph on 20425 vertices with chromatic number 5.
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1. Proof by Picture in Extremal Combinatorics
Example 2: Coloring the plane

Question. What is the smallest number of colors su cient for coloring the plane in
such a way that no two points of the same color are a unit distance apart?

Remark. Considering the in nite graph with vertex ség? and edged x; yg for any
kx yk =1, we are studying thechromatic number of the plane (E?).

Theorem (Aubrey D.N.J. de Grey, 2018)
There is a unit distance graph o20 425vertices with chromatic humbes.
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