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i % 1. What? — The Chromatic Number of the Plane
=8 How can a picture be a proof?

BEach such problem has two sides: one is the construction of an extremal structure,
the other is the proof of its optimality. In this course we are putting extra emphasis on
explicit constructions of extremal graphs, which do not customarily feature in standard
treatments of the field. These constructions often require useful tools from algebra,
geometry, or discrete Fourier analysis; the other main objective of these notes is to
highlight them.

p.7 of LET’S BE EXPLICIT! lecture notes by Tibor Szabd, July 2024



1. What? — The Chromatic Number of the Plane

The Hadwiger Nelson problem

Question. What is the smallest number of colors sufficient for coloring the plane
in such a way that no two points of the same color are a unit distance apart?

Considering the infinite graph with vertex set E? and edges {x,y} for any
[X}—y [ 1, we are studying the chromatic number of the plane X(E?).

Theorem (Aubrey D.N.J. de Grey, 2018; USD 1000 problem of Erdds)
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Considering the infinite graph with vertex set E? and edges {x,y} for any
[X}—y [ 1, we are studying the chromatic number of the plane X(E?).

Theorem (Aubrey D.N.J. de Grey, 2018; USD 1000 problem of Erdds)

There is a unit distance graph with chromatic number 5 and therefore
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Upper bounds are given by explicit colorings g : E> - [c] := {1,...,c}, usually
derived through tessellations using simple polytopal shapes, which give

X(E?) < 7.
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