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1. The Chromatic Number of the Plane 4 slides
The Hadwiger-Nelson problem

Problem (Nelson 1950, but also Hadwiger, Erdős, Gardner, Moser, Harary, Tutte, ...)

What is the smallest number of colors sufficient for coloring the plane in such a way
that no two points of the same color are a unit distance apart?

Considering the infinite graph with vertex set E2 and edges {x , y} for any x , y ∈ E2

with ‖x − y‖ = 1, we are studying the chromatic number of the plane χ(E2).

Theorem (N.G. de Bruijn, P. Erdős 1951)

Assuming AoC any graph is k-colorable iff every finite subgraph of it is k-colorable.

This problem has a long and complicated history which has been well documented by
Soifer over 14 pages in The New Mathematical Coloring Book (2024) ...
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1. The Chromatic Number of the Plane 4 slides
The history of the problem

p. 24 of The New Mathematical Coloring Book by Alexander Soifer, 2024
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1. The Chromatic Number of the Plane 4 slides
The history of the problem

p. 32 of The New Mathematical Coloring Book by Alexander Soifer, 2024



1. The Chromatic Number of the Plane 4 slides
Lower bounds through unit distance graphs

Lower bounds are given by finding unit distance graphs of large chromatic number.

Definition
A graph G = (V ,E ) is a unit distance graph if there exists an embedding f : V → E2

of its vertices in the plane s.t. ‖f (u)− f (v)‖ = 1 if and only {u, v} ∈ E .

A triangle gives a lower bound of 3 and the Moser spindle a lower bound of 4 (1961).

Theorem (Aubrey D.N.J. de Grey, 2018)

There is a unit distance graph on 20 425 vertices with chromatic number 5.

Exoo and Ismailescu found a simpler construction with 627 vertices, Heule one with
553 vertices, and Jaan Parts, as part of Polymath16, one with 510 vertices.
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Lower bounds through unit distance graphs
Lower bounds are given by �nding unit distance graphs of large chromatic number.

De�nition

A graphG = ( V ; E) is a unit distance graphif there exists an embeddingf : V ! E2

of its vertices in the plane s.t.kf (u) � f (v)k = 1 if and only f u; vg 2 E.

A triangle gives a lower bound of 3and the Moser spindle a lower bound of 4 (1961).

Theorem (Aubrey D.N.J. de Grey, 2018)

There is a unit distance graph on20 425vertices with chromatic number5.

Exoo and Ismailescu found a simpler construction with 627 vertices, Heule one with
553 vertices, and Jaan Parts, as part ofPolymath16, one with 510 vertices.
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