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Computational tools have a long history ...

1965 The Birch and Swinnerton-Dyer conjecture is based on numerical evidence

1976 Appel and Harken announce a proof by exhaustion of the four color theorem
1996 McCune prove that Robbins algebras are boolean using ATP

1998 Hales proves the Kepler conjecture by systematically solving LPs

2014 The Flyspeck project team announces a formalization of that proof
2016 Heule, Kullmann, Marek solve the Bool. Pyth. triples problem using SAT solvers

2017 Heule determined Schur number five in a two petabytes proof using SAT solvers
2020 The Liquid Tensor Experiment verifies a recent result of Clausen and Scholze
2024 Deepmind solves IMO problems at silver-medal level using deep learning

2025 Google’s AlphaEvolve designs algorithms for scientific discovery



Coloring the Plane with Neural Networks

1. What do Extremal Combinatorics care about? 2 slides

2. The Chromatic Number of the Plane 4 slides

3. Constructions through Implicit Representation 3 slides

4. Variants of Hadwiger-Nelson 4 slides

5. Possible Applications to Graph Theory 2 slide



1. What do Extremal Combinatorics care about? 2 slides
What do extremal combinatorialists care about?

p.7 of LET’S BE EXPLICIT! lecture notes by Tibor Szabó, July 2024



1. What do Extremal Combinatorics care about? 2 slides
Example: Graphs and graph sequences

Question. How many edges can a graph G of order n with ω(G) < r have?

Theorem (Mantel, 1907; Turán, 1941; Erdős–Stone, 1946)

At most
(
1− 1/r + o(1)

)(n
2
)
, i.e., as many as the Turán graph T (n, r).

Question. How large can the order n a graph G with max(α(G), ω(G)) < k be?

Theorem (Ramsey, 1930; many others)

We know that R(3) = 6, R(4) = 18, 43 ≤ R(5) ≤ 46, and 2k/2 . R(k) . 3.78k .

A variant. How few cliques and independent sets of size r can a graph contain?

Theorem (Goodman, 1959)

Asymptotically at least 25% of all triangles need to be cliques or independent sets.
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At most
(
1− 1/r + o(1)

)(n
2
)
, i.e., as many as the Turán graph T (n, r).

Question. How large can the order n a graph G with max(α(G), ω(G)) < k be?

Theorem (Ramsey, 1930; many others)

We know that R(3) = 6, R(4) = 18, 43 ≤ R(5) ≤ 46, and 2k/2 . R(k) . 3.78k .

A variant. How few cliques and independent sets of size r can a graph contain?

Theorem (Goodman, 1959)

Asymptotically at least 25% of all triangles need to be cliques or independent sets.



1. What do Extremal Combinatorics care about? 2 slides
Example: Graphs and graph sequences

Question. How many edges can a graph G of order n with ω(G) < r have?

Theorem (Mantel, 1907; Turán, 1941; Erdős–Stone, 1946)
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2. The Chromatic Number of the Plane 4 slides

The Hadwiger-Nelson problem

Problem (Nelson 1950, but also Hadwiger, Erd}os, Gardner, Moser, Harary, Tutte, ...)

What is the smallest number of colors su�cient for coloring the plane in such a way
that no two points of the same color are a unit distance apart?

Considering the in�nite graph with vertex setE2 and edgesf x; yg for any x; y 2 E2

with kx � yk = 1, we are studying thechromatic number of the plane � (E2).

Theorem (N.G. de Bruijn, P. Erd}os 1951)

AssumingAoCany graph is k-colorable i� every �nite subgraph of it is k-colorable.

This problem has a long and complicated history which has been well documented by
Soifer over 14 pages inThe New Mathematical Coloring Book (2024)...
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The history of the problem

p. 24 of The New Mathematical Coloring Book by Alexander Soifer, 2024
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2. The Chromatic Number of the Plane 4 slides

The history of the problem

p. 32 of The New Mathematical Coloring Book by Alexander Soifer, 2024



2. The Chromatic Number of the Plane 4 slides

Bounds on the problem
Lower bounds are given by �nding unit distance graphs of large chromatic number.

De�nition

A graphG = ( V ; E) is a unit distance graphif there exists an embeddingf : V ! E2

of its vertices in the plane s.t.kf (u) � f (v)k = 1 if and only f u; vg 2 E.

A triangle gives a lower bound of 3 and the Moser spindle a lower bound of 4 (1961).

Theorem (Aubrey D.N.J. de Grey, 2018)

There is a unit distance graph on20 425vertices with chromatic number5.

Upper bounds are given by explicit coloringsg : E2 ! [c] := f 1; : : : ; cg, usually
derived through tesselations using simple polytopal shapes, which give

5 � � (E2) � :::
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